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Abstract

In this paper the induced homology map of spinor group on its
base-pointed loop space is computed and we deduce the Hopf algebra
structure of the homology ring of the free loop group of Spin(N).

1 Introduction

Let G, QG be a compact connected Lie group and its based loop
space, whose multiplication maps are u, A respectively. We denote the
free loop group of G by LG(G), which is the topological group of all
continuous maps from S* to G. In [8] the cohomology of LG(G) is well
investigated. LG(G) contains QG as its normal subgroup and LG(G)
is the semi-direct product of QG and G. Thus LG(G) is homeomorphic
to QG x G and we have the following commutative diagram:

QG xGxQGxG —Y2QGxOGxGxG 22X oaxa
|® x @ / o
LG (G) x LG (G) A LG (G)
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where @ : QG x G — LG (G) is a map defined by ®(I, g)(t) = I(t) - g,
X is the multiplication map of LG(G) and w is the composition

(1QG x T x 1g) O(IQG X 1G x Ad x 1G)O(1QG X AG X lggxg).

Here Ad is the point-wise adjoint action of G on QG and T is the
transposition. This shows that the knowledge of the Hopf algebra
structures of the homology rings of G, QG and the induced homol-
ogy map of Ad enable us to know the Hopf algebra structure of the
homology ring of LG(G).

Moreover, in [8], it is showed that provided G is simply connected,
H.(Ad; Z/p) is equal to the induced homology map of second pro-
jection if and only if H*(G;Z) is p-torsion free. This implies that,
if we assume G is simple, non-trivial cases are G = FEg for p = 5,
G = F4,E6,E7,E8 for p = 3 and G = GQ,F4,E6,E7,Eg,Spin(N)
for p = 2. The induced homology map of Ad in all these cases ex-
cept for (G, p) = (Spin(N),2) were investigated in Hamanaka [2], [3],
Hamanaka & Hara [4] and Hamanaka & Hara & Kono [5].

In this paper we compute Ad,, the induced homology map of Ad
for the case of (G, p) = (Spin(N), p) and consider the mod 2 homology
ring of LG (Spin(N)). In the rest of this paper we use Z/2Z as the
coefficient ring of cohomology and homology unless mentioned.

2 Generating variety

Spin(N) is the universal covering group of SO(N) and the mod 2
cohomology of them are well known as follows. See [7].

Theorem 2.1. We denote the covering map Spin(N) — SO(N) by
p. Then

H* (SO(N)) = A(xy,x2,23, - TN-1),
H* (Spin(N)) A{zala € A} @ \u

where

A=1{1,2,--- N — 1}\{powers of 2},

|lzi| =i, |u| = 2% — 1, 2" < N < 2F,



x;’s are primitive and the coproduct of u is

uR1l+1®u+ Z T ® ).
i j#2!,i<j
i+j=2F—-1

Also p*(z4) = xq for a € A.

Here we have the following diagram:

Spin(N) x QSpin(N) Ad QSpin(N)
LpxQp |
SO(N) x 20SO(N) — QuSO(N)

where QpSO(N) is the connected component of QSO(N) containing
null homotopic loops and Ady is the pointwise adjoint action of SO(N)
on QpSO(N).

This diagram and the above theorem tells that

Ad, = Adys o s (1)

and what we have to compute is Adgs.

From now on, to set the generators of H, (29SO (NN)) we remember
the R.Bott’s theorem of generating variety. (See R.Bott [1].)

Let G be a compact connected Lie group and s : S* — G be a
injective homomorphism. We denote the centralizer of s in G by Gy
and the quotient space G/Gs by G°. Then there is a map ¢° : G° —
QoG defined by

g*([2)(t) = [z, s(t)] = ws(t)a™"s(t) ™!

where x € G, t € S, and [z] is the class represented by 2. Moreover,
let T' be a maximal torus containing s and W (G, T') be the Weyl group
of G. Let s € H; (T;Z) be the homology class determined by s and
A be the submodule of H, (T'; Z) generated by W (G, T)s.

We call s € T C G a generating circle for G if each root 6 €
H! (T; Z) takes on the value 1 on some element of A,. Also we call
G*® a generating variety and g° a generating map.

Theorem 2.2. (R.Bott) If s is a generating circle for G, then the
image of g5 : Hy (G*;Z) — H, (Q0G;Z) generates the Pontrjagin ring
H. (0G;Z).



R.Bott applied this theorem to the case of G = SO(N). It is known
that s : SO(2) — SO(N) is a generating circle and the mod 2 coho-
mology ring of generating variety G* = SO(N)/(SO(2) x SO(N — 2))
is as follows. See Ishitoya [6] for detail.

o If N =2m+2,

. SO(N
H <50(2>xs(o(z)v_2>

) = Z/2Z]t, 5]/ (t"F, 82 — G,ut™s)

where [t| = 2, |s| = 2m and

5m:{ 0 m is odd,

1 m is even.

o If N=2m+1,

i (somndotr— ) = 2220/ )

where |t| = 2, |s| = 2m.

We take the dual element of ¢!, st with respect to the monomial basis
and denote them by b;,b; € H, (G®) respectively. (We put by = 1.)
Then the generators of H, (G*) as module are

{b1,b2, -+ by by by g+ - By} if N =2m +2,
{b17b2)"' 7bm—17b;n,7b;n+17"'b/2m71} 1fN:2m+]-

We also denote gb;, g5t € Hy (QSO(N)) by b;, b and regard H, (G*)

)

as a submodule of H, (RSO(N)) by g, because ¢¢ is injective. Here
by Theorem 2.2 b;,b,’s are generators of H, (Q29SO(N)) and R.Bott
shows their relations:

Theorem 2.3. (R.Bott)

1. If N = 2m + 2, H, (SO(N)) is generated by b;,b;, ., (i =
0,1,---,m) and the relations are

SERE

{ b2 =0 j<
2j—m .
bj* =330 " (bibly; ;) 5>

2. If N = 2m + 1, H, (QSO(N)) is generated by b, b, ; (i =
0,1,--- ,m — 1) and the relations are the same as the case of 1.



In other words, by the induced homology map of the natural inclusion
Q0SO(2m + 1) — Q2pSO(2m + 2), Hy (2050(2m + 1)) is a subring of
H. (2050(2m + 2)).

Remark In [1], all the computations are done with its coefficient ring
Z and notations are different from those in this paper. If N = 2n+1,
bj, bfn—i—j (0 € j < n—1) in this paper are mod 2 reduction of oj,
20,4 in [1] respectively and if N = 2n +2, b;, (1 < j < m —1),
bntjr (1 < 4" <m), by, and b}, in this paper are mod 2 reduction of o,
20,,4j7, on + € and 2€ in [1] respectively. Here remark that o;’s and €
are elements of H, (QSO(N); Q).

Moreover the coproduct can be determined easily since we know
the algebra structure of the cohomology ring of the generating variety.

Theorem 2.4. (R.Bott) In Theorem 2.3 the coproduct is given by

Ay = > ba®by (1<j<m)
a+pB=j
Abi = Y Bia®bs+ba®@by,) (0<j<m-—1)
a+p=j
Ay = 3 (Vo ®bs+ba @ bspn) + (b © 1)
a+pB=m

From now on we consider the even case, because, by the above
theorem, one can deduce the result for odd case from that for even
case.

3 Action of SO(N —2) on 2ySO(N)

In this section we set N = 2m+2 and G = SO(2m + 2). We consider
amap «a:SO(2m + 2) x G — G* defined by

a(g, [x]) = [gz] for g € SO(2m + 2) and [z] € G* .
Lemma 3.1. The following diagram commutes.

Also@2m) x G

SO(2m) x G* @m, G
l1xg° lg°
SO(2m) x QG Ady e



Proof. By the definition, for g € SO(2m), z € SO(2m) and t € S1,

g°(alg, [z])(t) = gs([gfﬂ])(t)
= gas(t)z™! 9 “s(t)!
= gus(t)z~s(t) g
= Ado(g,9°(z))(t).

1
Now we denote Adp«(y ® b) by y b for y € H, (SO(N)) and

b e H, (QSO(N)). Then above diagram says:

Theorem 3.2. Ify € H, (SO(2m)) C H, (SO(2m + 2)) then

yxb=a.ly®b)

for b € H, (G*) C H, (20G).
To compute a, we start with the computation in cohomology.

Lemma 3.3.
)y =1t

Proof. We set H = SO(2m) x SO(2). In the following diagram ps :
SO(2m+2) x (EGxqgG/H) — EGx¢G/H and py : EG x G/H —
G/H are second projections, ¢ : EG x G/H — EG xg G/H is the
natural projection and 3 : SO(2m +2) x EG x G/H — EG x G/H
is defined as

B(h,g,z) = (gh™", ha)

forhe G,g € EG and v € G/H.

(07

SO(2m+2) x G/H — G/H

T1lg X ph T py
SO@m+2)x EGxG/H -2 BEGxG/H

L1 xq laq
SO(2m+2)><(EGéG/H) 2, EGéG/H ~ BH



Then this diagram commutes. Here remark that EG xg G/H =
BH and p), is a homotopy equivalence. Thus if we set ¢ = go p’Q_l, 10}
is a classifying map G/H — BH of the fibration H — G — G/H.

Also, since t is in the transgression image with regard to the fi-
bration H — G — G/H, t is in the image of ¢*, that is, there exists
t' € H* (BH) such that ¢*(¢') = ¢t. Thus

af(t) = a'¢*(t))
= (lgxph ) o (la x q)* opi(t))
= 1®¢*(t)
= 1®t

1
To compute a*(s), we consider the commutative diagram below:

SO(2m+2) _a, SO(2m+2)

S0(2m +2) x S0(2)xS0(2m) SO(2)xSO(2m)

T1xp Ty

SO@2m+2) o SO(2m+2)

SOCM+2) X Fav o)  — OxUm)
l 1 y p// lp//

SO@m+2) o SO(2m+2)

SO(2m + 2) x Tm+1D) T Umrl)
11 x p"” Tp"

SO(2m+2) x S0(m+2) 2 so@mn+2)
Here o/, " are actions of SO(2m + 2) by the left translation and ad is
the usual adjoint action and p’, p”, p”” are natural projections induced
by standard embeddings of subgroups. The cohomology rings of spaces
in the diagram are shown as follows. See [6] for detail.

- <50(2m+ 2)) ~ g <SO(2m+ 2)>[t]/(tm+1),

U(1)<U(m) U(m +1)

Here by the induced cohomology map of the natural projection SO(2m + 2) —
SO2m+2)/U(m + 1), z9; € H* (SO(2m + 2)/U(m + 1)) is mapped

7



to x9; € H* (SO(2m + 2)) and also, in [6] it was shown that
p(s) = omt™ +e,
P =t

where e = Y | (—1)%@t™~*. This implies p’* is injective.
We can easily show that

ad®(z2;) = 1@ x9 + 72, ® 1
and this implies

" (29;) =1 ®@ 9 + 19, ® 1
and

o (22;) = 1@ 295 + 20 ® 1.

Thus we can proceed the computation as:
(1 xp)oa™(s) = a op(s)
= o (0™ +e)

m
= (1@t +1@e+ Y my @t
=1

m
= (Ixp)(1les+ szi ® ™.
i=1
By the injectivity of p’*, we have :
Lemma 3.4.
m .
a*(s) =1®s+ Z e @M
i=1
Now, we dualize the results of Lemma 3.3 and Lemma 3.4. We denote

the dual element of x; with regard to the monomial basis by y;. Then
we obtain

s (Yoqa ®b) = 0 forany b€ H, (G/H),
' ' 0 i+j<m,
x(y2i © by) { bi i+j>m,

ax(y2i @ bpyi) = 0

for 1 <i<mand 0 < j <m. By Theorem 3.2 it immediately follows
that:



Proposition 3.5. Foryy; € Hi (SO(2m +2)) (i <m—1), bj,b),,; €
H, (Q050(2m +2)) (0 <j<m) and any b € H, (2050(2m + 2)),

Yodd ¥ b = 0,
_ 0 t4+j5<m,
Yok by = {bi i+j>m,
y2i*b;n+j = 0.

4 Action of SO(N) on 2,SO(N)

Concerning the computation of Ady,, all we have to do is to compute
Yom * bj and Yo, * b’mﬂ for 0 < j < m. To do this we use the diagram
below:

SO(2m +2) x QS0(2m + 2) Adamsz QS0 (2m + 2)
7 X Qoi l l QQ’L'

SO(2m + 4) x QuS0(2m + 4) Adamss QSO(2m + 4)

To avoid confusion, we denote Ad : SO(n) x 2u50(n) — Q20S0(n) by
Ad,,. By this diagram and Proposition 3.5, we obtain

Qois(Yom *bj) = Adomia, o (i X Qoi)x(y2m @ bj) = by, 1, }
Qoi*(yZm * b;71+j) = Ad2m+4* o (Z X QOi)*(yZm & b;n-i-j) = 0.

(2)
These tell that yo,, * bj, yom * b;- was determined up to Ker(Qoi,).
Lemma 4.1. Ker(Qqi,) = (bl,).

Proof. This can be checked by the fact

Qoi*bg- = b;- (m+1<j<2m)

and the relations in Theorem 2.3.

Also (3) can be obtained by dualizing the induced cohomology map
SO(2m+2)/S0(2) x SO(2m) — SO(2m +4)/S0O(2) x SO(2m + 2)
since the generating maps commute with the respective inclusion maps.
1



By (2) and the above lemma, we can say

Yom ¥ bj = blpj + b6y,
Yom *b; = b;n Cm+j

for some ¢; € H; (QOSO(2m+2)) Ctj € Hmj (Q0SO(2m + 2)).
To determine c; and o 4+; We use some properties of ‘adjoint action
on homology’ stated in the following theorem. See [2] and Kono &
Kozima [8] for its proof.
Theorem 4.2. Fory, v/, y" € Hy (G) and b, ' € H, (QG)

(i) 1xb=bandy=«1=0, if |y| > 0.

(ii) Ay(yxd) = D (v * V') @ (y" x b") where Ay
A=V @V And also As(y *b) = (Ayy) *

(il) (yy')*b=y=* (¥ *b).
(iv) y=* (b)) =S (v * b)(y" * V') where Ay => .y @1".

(v) If b is primitive then y = b is primitive.

— Sy @y and
(B.).

Proposition 4.3.
Yom * by = +b/b ‘|‘,0b/2 Jj=m

for some p € Z/2Z.

Proof. By Theorem 2.4 and Theorem 4.2 (ii), we can compute the
coproduct of yon, * b; for 1 < j < m as:

A*(me * b]) = Z (me * ba) & bﬁ + Z (ym * ba) & (ym * bﬁ)
a+pB=j a+B=j
+ Z ba & (y2m * bﬁ) (5)
atf=j

Here remark that by Proposition 3.5 y, * by # 0 if and only if o > .
This implies >\ 5_;(Ym * ba) ® (ym * bg) vanishes if j # m.
Now we use induction. When j = 1, the above formula says

Z*(me * bl) =0

where A, (w) = Ay(w) —1@w—w®1. Thus b, +b),c is primitive
and ¢; = by.

10



For 1 < 7 < m — 1, if we assume that ¢y = by for 1 < k < j, then

As(yom xbj) = Z { By o0 + brba) @ bg 4 bo @ (b, 5+ blb) }
atf=j
a>0,6>0
= Y (Vs ®bg+ba @by, p)
atf=j
a>0,6>0
+(W, @1+1@0,) Y (ba ®bp)
atf=j
a>0,6>0
= As(bjngy + Uinby)- (6)

Since there is no primitive element of the form b/, ¢; in Hp, 4 (2050 (2m + 2)),
Cj = bj.

Next we consider the case j = m and assume c¢; = b; for 1 < j <
m—1. If m is odd, since 3, 5 (ym * ba) ® (ym * bg) = 0, (6) is true
for j = m. Also if m is even,

Z* (me * bm) = Z {(b;n—‘roc + b/mba) & b,@’ +ba ® (b;nJrﬂ + b;nbﬁ)}

a+0B=m
a>0,8>0

= Y (@ b5+ ba D bpsg)

a+pB=m
a>0,0>0
+O, @14+108,) Y. (ba®bg)+b, b,
a+pB=m
a>0,8>0

and (6) remains true for this case. Thus ya, * by, is determined up to
primitive elements:

Yom * b = by, + bl by + pbl % p € Z)2Z.

Proposition 4.4.

Yom ¥ Vs = Wbl 3 0<j<m-—1
Yom * by, = bbo,, +pb,"  j=m

where p is the same as in Proposition 4.3.

11



Proof. By Theorem 4.2 (iii),(iv),

Yom * bl = yom * (Y2 * by—1)
= y2* (Y2m * byp—1)
= yox (b, 1+ b, bm_1)

2
— 2
For 1 <7 <m — 1, in the similar way we have

Yom * b{m-i—j = Yom * (Y25 * bm)
= Y25 * (Y2m * bm)
2
= yzj * (b, + Vb + by, ")
— b/ /

m“m+j-*

Finally, it follows in the same way that

Yom * Vo = Yo * (Y2m * b + bl bi + b, )
(Yom * b;n)bm + b;n<y2m * byy)

B by + ., (B, + b by + pbL,2)
b b+ pbl .

Now we summarize the above results.

Theorem 4.5. For the generators yx of Hi (SO(2m +2)), bj, by,
of
H, (250(2m +2)) 1<k<2m+1,0<j<m),

Zf k s odd yOdd * bj = 0,
Yodd * Vm+; = 0
o _ 0 1+ <m,
ift<m Y2 xbj = {b;_i_j i+j>m,
Yo; * b'/r71+j 0,
if k=2m and j #m Yom *bj = by, +bybj,
Yom *bpyy = by,
if k=2m and j =m Yom * by, = b + b b,

y?m*bm - b;n 2m:

Above equations remain true for y, € Hy, (SO(2m +1)) and bj,

b, €M (QSO2m+1)). 1<k<2m,0<j<m-—1)

m+j

12



Proof. We prove in §5 that p in Proposition 4.3 is zero. Then the
statement for even m is true.

Because H, (2SO(2m + 1)) is a subalgebra of H, (2SO(2m + 2))
and adjoint actions commute with the respective inclusions, the whole
statement follows. I

5 Determination of p in Proposition
4.3

To determine p we introduce a map 7 from SO(2m+2) ® G° to
Q20SO(2m + 2) defined as follows.

Let f and g be the compositions of maps «o g® and (1 x g°) o Ady
respectively. We put 7’ as

' (z,y) = f(z,y)g(x,y) "

Refer to the diagram below.

Jam+2 X 1 «
RP> 1 % G¢ SO(2m + 2) x G* G*
D X 1 1 x gs 77/ gs
RP2?m+1 | Rp2m=1 5 Gs SO(2m +2) x QuS0(2m + 2) ~Ada, 20S0(2m + 2)

Here remark that 7/ 50(2m) x g+ 18 the constant map by Lemma
3.1 and also 1’ o Qpi, where i is the inclusion of SO(2m + 2) into
SO(2m + 4), is homotopic to the constant map.

There is an inclusion of RP™"~! into SO(n) denoted by j,, which
is defined by attaching a line I € RP" ! with the composition of a
fixed orientation reversing self linear map A,, of R™ and the reflection
in the direction of [. We set

13



Since 7'[so(2m) x s = * and jamt2|gpem-—1 C SO(2m), there is a map
n : RP?™ L/ RPIm=1 » G5 — QpSO(2m + 2) where 1o (py, x 1) ~

n' o (jam+2 X 1)
First, we consider the next lemma.

Lemma 5.1. In Z/2Z homology,
7, (Y2m @ ) = pbl,”.

Proof. By the definition, 7 = Ao (1 x ¢) o (f X g) © Ago(am +2) x G
where ¢ is the map of taking the inverse in QySO(2m + 2). Thus we
can proceed the calculation as:

Aso (I x t)io(f xg)eoAso@m+2) xae,(Y2m @ by)

= Mol x0)so(f x 9D (yom ®b)) @ (1 bpm;)
=0

+D Um @b) @ (Y @ bmj) + > (1@ b;) @ (y2m @ bm—)}
Jj=0 7=0

= A0 (1X 0D By + Ubj) @ b + pb,,° ® 1
7=0
by @ Uy + D b @ by}
7=0
9 m
= (p+0m)by" + > bbjbm—j.
j=0
(As defined in §2, deven = 1 and J,q4 = 0.)
Here remark that, when m is even, b, = = b, /9> 2~ and we obtain
Wo(Yom @ bm) = (p+0m)bi” + > bbjbmj
j=0
= (p+0m)b +2 > Bbibmj + Ombybyyo?
0<j<m/2
= pb’ 2

In the following we use integral homology. By the result of R.Bott
([1]), Hi (Q0SO(2m + 2); Z) has its generators b;, Vyj (0< 5 <m),

14



whose mod 2 reduction is b;, b/ . in H, (20S0(2m + 2);Z/2Z), and

70 Ym+j
its relations are:
0 = b +2) (—=1)*bj_kbjsn, (1<j<m/2)
k=1
0 = b +2) (~D*oabjn+ D bty (m/2 <j<m)
k=1 k=m—j

Also, it can be easily checked that
H* (RP?™+1/RP*™ 1 7)) = Z & Z7om ® ZTomin

where |7;] = i. And if we denote the generator of H' (RP*"11;Z/2Z)
by 7, the mod 2 reduction of p¥,7; is 7°.

Theorem 5.2. In Proposition 4.3, p = 0.

Proof. First we calculate 7.(T2m ® bm) € Hi (2050(2m + 2);Z) in
integral homology. Since we know A,b,, = > b; ® b (See [1].),

we can compute its coproduct as

i+j=m

A*Oﬁ*(72m®a)
= (Uxﬁ)*OA*(széi)ﬂ)
= xu( D @b @1@b+ Y 1D ® mam @ b;)

i+j=m i+j=m
= D {nmaob)onlob)}+ Y {n1©b) @ n(mn @ b))
i+j=m itj=m

Here remark that, since 1'|so(2m) x ¢ = *, Nl x g= is null homotopic,
too. Thus n,(1 ®E) =0, if j > 0 and we obtain that 7 (o, ® by,) is
primitive. But there exists no primitive element in Hy,, (20S0(2m + 2); Z).
(See Proposition 10.1 in [1].) Therefore 0 (7o, ® by,) = 0.

On the other hand, in mod 2 homology, n.(T2m ® by) = Nk 0 (P X
D« (7™ @ byn) = 0, 0 (Jamz X 1)a(2™ @ by) = pb, %,

Since H, (20S0(2m + 2); Z) is free, it follows that p = 0. 1

6 H.(LG(Spin(N))) as Hopf algebra
In this section, using Theorem 4.5, we consider the homology ring of

LG (Spin(N)). First, we see the homology ring of Spin(N). Theorem
6.1 and 6.2 are the dual results of Theorem 2.1.
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Theorem 6.1. There are generatorsy andy; (i € Anx) of Hi (Spin(N))
as algebra where Ay = {1,2,3,--- , N—1}\{powers of 2}, |yi| =i and
ly| = 2511 — 1. (s is the integer such that 2° < N < 25%L1.) And their
fundamental relations are

y> =0, y*>=0, (7)

oy ifi—l—j=28+1—1,
lwi- vl = { 0 otherwise. (8)

For 1 <k <2P weset k; € {0,1} (p=0,1,---,p) as

P
k=) k2.
i=0
And for a,k € Z such that a is odd, a > 1, ak < N — 1, we set
Yia k) € Hak (Spin(N)) as Y(q ) = 17— kiazi-

Theorem 6.2. The coproducts of generators in Hy (Spin(N)) are given
as

Z*yi = Z Yv(a,k:)@}/(a,k’)a
k-+k'=2P
k>0,k'>0

Z*y = 0

where i = a2P, a is odd and a > 1.

By the diagram in §1, we can calculate H, (LG (Spin(N))) directly.

By the isomorphism H, (LG (Spin(N))) = H, (Q2Spin(N))@H, (Spin(N))
as Z/ 2 Z module we identify b;,0, ,; € Hi (Q2Spin(N)) and y;,y €
H, (Spin(N)) with elements of H, (LG (Spin(N))). Here |b;| = 2i,
b, .| =2(m+1i), |y =i and |y| = 251 — 1 where s is the number

m-+i

difined in Theorem 6.1.

Theorem 6.3. 1. (a) When N is even, we set N = 2m + 2.
Then H, (LG (Spin(N))) is the non-commutative Hopf al-
gebra generated by b, b, ; (i =0,1,---,m), y; (j € An)
and y.

(b) When N is odd, we set N = 2m~+1. Then H, (LG (Spin(N)))
is the non-commutative Hopf algebra generated by b, b, . ;
(i=0,1,--- . m—1),y; (j € Ax) and y.
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2. Their relations are
(a) The relations in Hy (Spin(N)) shown in Theorem 6.1.
(b) The relations in Hy (QSpin(N)) shown in Theorem 2.3.
(¢) Fory; € Hy (Spin(N)) and b € H, (Q2Spin(N))

yib=> (' xb)y"

where Avy; =Yy’ @y and each y' b can be obtained from
Theorem 4.5.

3. The coproducts of these generators in H, (LG (Spin(N))) are the
same as the coproducts of those in H, (2Spin(N)) or Hy (Spin(N))
shown in Theorem 2.4 and Theorem 6.2.

References

[1] R.Bott, The space of Loops on a Lie group , Michigan Math. J.
5 (1958),35-61.

[2] H.Hamanaka, Homology ring mod 2 of free loop groups of excep-
tional Lie groups, J. Math. Kyoto Univ. 36-4 (1997) to appear.

[3] H.Hamanaka, Adjoint action on homology mod 2 of Eg on its loop
space , J. Math. Kyoto Univ. 36-3 (1996) 779-787.

[4] H.Hamanaka & S.Hara , The Mod 3 Homology of the Space of
Loops on the Exceptional Lie Groups and the Adjoint Action, J.
Math. Kyoto Univ. to appear.

[5] H.Hamanaka & S.Hara & A.Kono, Adjoint actions on the modulo
5 homology groups of Eg and Q2Fg, J. Math. Kyoto Univ. 37-1
(1997) 169-176.

[6] K.Ishitoya, Squaring operation in the Hermitian symmetric
spaces, J. Math. Kyoto Univ. 32-1 (1992) 235-244

[7] K.Ishitoya & A.Kono & H.Toda, Hopf algebra structures of mod
2 cohomology of simple Lie groups, Publ. RIMS Kyoto Univ. 12
(1976) 141-167

[8] A.Kono & K.Kozima, The adjoint action of Lie group on the space
of loops, Journal of the Mathematical Society of Japan 45 No.3
(1993) 495-510.

[9] J.P.May & A.Zabrodsky, H* (Spin(n)) as a Hopf Algebra , J. Pure
Appl. Algebra 10 (1977/78),193-200.

17



