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1. INTRODUCTION

Assume G is a compact, connected, simply connected Lie group. The
space of free loops on G is called LG (G) the free loop group of G,
whose multiplication is defined as

@ P(t) =(t) - (1)
Let QG be the space of based loops on (G, whose base point is the unit
e. Then LG (G) has QG as its normal subgroup and

LG (G) /G =G,

Identifying elements of G with constant maps from S* to G, LG (G) is
equal to the semidirect product of G and QG . Thus the mod p homol-
ogy of LG (G) is determined by the mod p homology of G and QG and
the algebra structure of H,(LG (G) ;Z/pZ) depends on H,(ad;Z/pZ)
where

ad : G x QG — QG

is the adjoint map.

In [4] some properties of ad, are studied and it is showed that
H.(ad; Z/pZ) is equal to H.(pe; Z/pZ) where py is the second projec-
tion if and only if H*(G;Z) is p-torsin free. For an exceptional Lie
group G, H*(G;Z) has p-torsion when

G = G27F47E67E77E8 forp: 27
G = F47E67E77E8 fOI'p: 37
G = Fg for p = 5.

The case where p = 2 and G # Eg is discussed in [6] and the case
of p = 3,5 is studied in [8, 7] respectively. In this paper we offer the
result of the remained case, (G,p) = (Fs,2). The result is showed in
Theorem 4.1.
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This paper is organized as follows. In §2 we refer to the result of the
algebra structure of H*(G;Z/2Z) and H,(QG ;Z/2Z) and the Hopf
algebra structure and cohomology operations of them . And in §3 we
introduce the adjoint action and observe its property. Finally in §4 the
induced homomorphism from the adjoint action of Fg is determined by
using the result of F; and cohomology operations.

The author is the most grateful to Professor Akira Kono for his
advices and encouragements.

2. H(G;Z/2Z) aND H.(QG ;Z/27Z)
We refer to the result of [1] and [2] about H*(G;Z/2Z) for G = Ex
and FEj.
Theorem 2.1.
H*(E7;Z/27) = Z/2Z[x3,x5,xg]/(xé,wé,xg)®/\($15,x17,x23,x27)

H*(Es; Z/2Z) = Z/QZ[$37$5,1’9,$15]/($316,$58,$94,$154)®/\($177$237$277$29)

where x; is a generator of degree i. Moreover there is a homomorphism
E7 — Ejg

whose induced homomorphism maps x; in H*(Eg;Z/2Z) into z; in

H*(E;;Z/27).

Theorem 2.2. The x;’s in Theorem 2.1 can be chosen so as to satisfy

X5 = Sq2=’1737
_ m=Sd'z,
U(xs) = ¥(zs) = Y(z9) =0
and the coproduct of x15 is
@(1'15) = l‘32 ® T9 + {L‘52 ® Ty —I— 1734 ® xIs3.

The algebra structure of H,(QG ;Z/2Z) can be determined as an
application of the Eilenberg-Moore spectral sequence. And the Hopf
algebra structures and the action of cohomology operations which acts
on homology dually was determined by A.Kono and K.Kozima. See

5, 3] for detail.

Theorem 2.3.

H.(QE; ;Z/27) = /\(52754,58) ® Z/2Z[b1o, b14, bis, b1s, b2z, ba, b34]
H,(QEs ;Z/2Z) = [\(b2,bs, bs,b1a) ® Z/2Z b1, bz, bos, bas, bss, bss, bas. bss]

where b; s a generator of degree 1.
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Theorem 2.4. The coproduct of H.(QEs ;Z/27Z) is given as

o(b;) = 0 fori=2,14,22 26,34, 38,46, 58,
O(bs) = by ® by,
d(bs) = by ® boby 4 by @ by + boby @ b,
B(big) = by @ babsbs + by @ babs + baby @ bobs + bs @ bs
+bobg @ baby + bybg & by + babybg @ b,
P(bog) = big @ buy.

3. ADJOINT ACTION

Let Ad : G xG — G and ad : G x QG — QG be the adjoint
action of a Lie group G defined by Ad(g,h) = ghg™! and ad(g,1)(t) =
gl(t)g~! where g,h € G, 1 € QG and t € [0,1]. These induce the
homomorphisms

Ad, : H.(G;Z/2Z) @ H.(G;Z/27) — H,.(G;Z/27Z)
and
ad, : H.(G;Z/2Z) @ H.(QG ;Z/27) — H,.(QG ;Z/27).

Put yxy' = Ad.(y®y') and y*b = ad.(y®0b) where y,y € H,.(G;Z/27Z)
and b € H.(QG ;Z/2Z). Following are the dual statement of the result
in [4].
Theorem 3.1. Fory,y',y" € H.(G;Z/2Z) and b,V € H.(QG ;Z/27Z)
(i) 1xy=y, 1xb=0.
(ii) y*1 =0, if l[y| > 0, whether1 € H.(G;Z/2Z) or1 € H.(QG ;Z/2Z).
(it}) (y') *b =y * (¢ b).
(iv) y=* (b)) = (v = b)(y" V') where Ay => ¢y @y".
(v)
)

Y
v) o(y*b) =y o(b) where o is the homology suspension.

(vi) Sqf(y*b) = 32,(SdLy) * (SaL™'b).

Sal(y *y') = 32,(Sdiy) * (St ™'y).
(vii)

Auly*d) = (Awy) * (AsD)
_ Z(y/ % b/) ® (y// % b”)
where Ay =Yy @y" and Ab=>"0 @V". Also
Au(y*b) = (Auy) = (A.D).

(viii) If b is primitive then y % b is primitive.
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Let yy € H.(G;Z/2Z) be the dual of z;*> for i = 3,5,9,15 and
Y12, Yau, Yoo be the dual of w3, 5%, x5* respectively with respect to the
monomial basis. Also in H,(Es; Z/2Z) we put as

Y™ =y6"" Y12 Y21 Y10 Y20 Y18 Yz
for m = (my, ma, - ,my) € Z/2Z". Then the result of [4] implies the
next theorem. See [6].
Theorem 3.2. We define a submodule A of H.(G;Z/2Z) as
A = AYs, Y10, y1s) Jor G = Ex
A = (y" forallm € Z/2Z") for G = Ej.

Then there exist a retraction p : H.(G;Z/2Z) — A and the following
diagram commutes.

H.(G:Z/2Z) @ H.(0G ;Z/2Z) —%  H,(0G ;Z/27)
rel ad,

A®H,(QG ;Z/27)

Remark

1. The submodule A has an algebra structure induced from that of
H.(G;Z/2Z). When G = E7, A is a commutative exterior algebra
over Z/2Z. But when G = Es, A is a non-commutative algebra
over Z/27. Tn fact A is the dual of A (23, x5%, 7?) for G = E7 and
is the dual of Z/2Z[x3%, w52, ve?, 235)/(13'0, 258, o*, 1151) for G =
Eg. Thus we can easily see that, for G = FEg, A is generated by
{Y6, Y12, Y24, Y10, Y20, Y15 } as algebra and the fundamental relations
are

ys; = 0 for i = 3,6,12,5, 10,9,
[yai, y2j] = 0 for (i,7) # (6,9),(9,6), (5,10), (10, 5), (3, 18), (18, 3)
and

[Y6, Y24] = [y10: Y2o] = [Y12, Y1s] (= y30)-
2. By Theorem 3.1 (iv) and Theorem 3.2 we see that for b € H,(QG ;Z/2Z)

and i = 3,5,9
yoi ¥ b2 = (y2i % D)b + (yi + 0)” + D(yai  b)
= 0
where y; is the dual of x; for ¢+ = 3,5,9 with respect to the mono-
mial basis.
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3. By theorem 3.1 and 3.2, when G = Eg, if y; x b; is determined
for i = 6,12,24,10,20, 18 and b; € H.(G;Z/2Z), then the map
H.(ad; Z/2Z) is determined completely.

4. ADJOINT ACTION ON )Fjg

The next theorem is the main result of this paper.

Theorem 4.1. Forj € {6,12,24,10,20,18} andb; € H,(QFEs ;Z/27Z),
y; * b; 1s given by the following tables.

bj Yo * b; Y10 * b; Y18 * b;

by 0 0 0

by 0 b4 bao

bs bi4 bab1a bag + babao

b14 0 0 b%G

big || bao + bgbiy ba + babgbiy b3y + bgbag + bybgbao
bay || b7 bis 0

bas || bl 0 b

bag || bas bag bisbia + bas
bzs || O b3, b3

bss || b3, 0 b3g

bis | b3 b ble

bss || bl b3y b3

bg Y12 * bg Yoo * b] Yoq * bg

by bi4 bao bas

by bab14 babaoy bag + babag

bg b2b4b14 bag + babsboy bibog + babsbog
by || 0 b3y bsg

big || bag + babsbgbis | bgbag + bababgbas | babgbog + bababgbog
bao || bsa 0 bag

bas || bss bag 0

bgg 0 0 656

bss || O 0 0

Remark The action of cohomology operations on H,.(QFEg ;Z/27Z)
is determined by A.Kono and K.Kozima in [3]. But we do not use
them. We use the Hopf algebra structure of H,(2Es ;Z/2Z) and the
result in H,(QE; ;Z/27Z).
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Proof. In H,(QUE7 ; Z/2Z) y;+b; and Sq'b; are determined as follows.
See Theorem 5.11 in [6].

b; Ye * b; Y10 * b; Y18 * b;
by |0 0 bio
by | bio bia bag + 525%0
bs || bia + babrg big + bab1a bag + babao + b2b4b%0
bio || O b, b1,
bus || V% 0 bis
big || boo + bsbia + babsbig | bag + bsbis + babsbia | baa + bgbog + babsbao + bababsh?
big || 0 b2, big
bao b%4 b%ﬁ béllO
bas || b bis b3
bsa || bl b3 bl
b, [ Saib; Sazbi | Saibi [ Sqi°bi
b4 b2 — — —
bg b2b4 b4 — —
blO bi 0 — —
biy || O b1o — —
big || b1a + babsbg | babs | g —
b22 b%o 0 b14 —
by || O bao big —
bg4 6%6 0 0 blg

By the naturality of adjoint action, the following diagram commutes.

H.(E7;Z/27) @ H.(QE7 ;Z/27)

!

H,(Es; Z/2Z) ® H,(QEs ; Z/2Z)

Thus we can easily see that above tables remain true also in H, (QQEs ; Z/27Z)

|

H,(QE;s ; Z/27)

except for y; * by and y; * big by replacing b, big by 0.
Also we can easily see that

ngsQi‘SQibzs = SQi4bzs = byy 7é 0.

This means qubgg = bog.
If b; is primitive, y; * b; is primitive. By (viii) of Theorem 3.1, y; * b;
is primitive for

(2, 7) e{

(10, 38), (12, 38), (12, 58), (20, 22), (20, 34), (20, 46),
(20, 58), (24, 26), (24, 38), (24, 46), (24, 58) } '
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Since no primitive elements of these degrees are there in H,(2Es ;Z/27Z),
these elements are 0.

Next we consider y15 * by. Because y19 * by is primitive, it is by4 or 0.
On the other hand, we have

Au(y12xby) = (Y12 % b2) @ by + (ys * b2) @ (Y * ba) + ba @ (Y12 * ba)

= A.((y12 * b2)by).

This means 12 * by = (Y12 * ba)by since there is no primitive element in
Hi6(QEs ;Z/2Z). Therefore we have

SA (12 * ba) = SaZ(y1z * ba)bz = 0,
while
S(ﬁ(yu * by) = Y10 * ba + Y12 * ba = brg + Y12 * bo.
Hence we obtain
Y12 % ba = by,
Y12 % by = biabs.
In the same way we can easily show
Yoo * by = bag,
Yoo * by = baobo,
You * by = Do,
Y4 * by bag + bagba.

Since
Z*(Z/u * bs) = A*(ym) * Z*bs = Z>|<(bl4b452)
and no primitive element is there in Hoo(Q2Es ; Z/2Z), we have
Y12 * by = b14D4Do.
In the similar way we can determine

Y12 * bag, Y20 * bag, Y12 * big, Y20 * bs, Y20 * big

as in the table of Theorem.

Also as
Z*(y24 *bg) = Ayos* Z*bs
= A,(bagbsbs + bagby)
and the only primitive element in Hsy(QEs ;Z/2Z) is byg®, we can put
(1) You * bs = bagbaby + babog + pbig”

where p € Z/27Z. Applying Sq; to each side of (1), we have

SQ3(y24 % bg) = Y20 * bg + Yoa * by = baobyby + bogba,
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while
SQ3(5265452 + bagby + 05162) = baabyby + bogba + 05142-

Thus p = 0 and y4 * bg is determined. Now we can determine o4 * b1
modulo primitive elements. Since no primitive elements is there in
Hyo(QUEg ;Z/27), we can determine yo4 * big as

Y24 * b1g = bagbgby + bogbgbaby.
Since b14 is primitive, Yoo * b14 = 634 or 0. Also qu(ygo * b14) =
Y15 * by = big>. This implies
Y20 * 14 = ba, SQ§b34 = b162~

In the similar way we apply Sqi to Y * bog, qu to Y19 * bog, Sq;1 to
Y12 * byg and qu t0 o0 * bog and see that the followings are determined
as the statement:

Yo * bag, Y12 * baz, Y12 * bag, Y20 * o, ngb:&& qub%‘-
From the above result we can deduce that
Sqib% = ng(ym * 526) = Y12 * bag = b3s.

Also as A,Sq}bys = SqtA,bys = 0, we have Sqlbys = 0. In the similar
way we have

. | 3,28), (1,38), (3,38), (2,
S b =0 for (k,j) € { 54, 46%, E2,58§, 23, 583, 54,

Using the above result we can compute Sqff(ylg * b3g) as

46)7
58)

SQilylS * bgg = 18 * b3y = b2627

while g * bgs = bog? or 0. This implies v * bsg = bog>. In the simi-
lar manner, applying Sq; to yig * bas, S} to Y10 * bss, Sq to ys * bug,
Sq? t0 Y12 * bsa, St t0 you * brs and Sq? to yaq * bao, the followings are
determined:

Y10 * bag, Yo * b3g, Yo * bag, Y12 * b3a, Yoa * bia, You * bao
as in the table in Theorem.
Moreover by applying Sq? to 41 * bag, Sq° t0 912 * bsg and Sq> to
Y20 * bzg we have that

Y10 * bgg = b2827
Y12 * big = bss,
Y20 * bzg = Dbsg.

Since 1152 * bag = 0, we can see

Y18 * (Y18 * bog) = Y18 * (b162b14 + byg) = bl64 + Y18 * by = 0.
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Therefore y15 * byg = big”. In this way we compute y122 % ba, yos? % by to
obtain

yi2x by = 0,

Yoa * bog = b262-

Also we can compute oy * b3y as

You * b3g = You * (y20 * 514) = Y20 * (y24 * b14) = Yoo * b3g = bss.

The rest we have to do is to determine yg * bsg, Y10 * bsg and ;g * bss.
By applying Sq? to 0 * bss, we have

Scﬁb58 = qu(yzo * b3g) = y1s * by = bas”.
Thus by applying Sq? to y1o * bss, it follows that

0= Sqi(ym * b58> = Y10 * bsg + Y12 * bzs2 = Y10 * bsg + b342-

Therefore 40 * bsg = bss>. We apply Sq? to 119 * bss and Sq® to y1s * bss
to obtain

Yo * bsg = b1647
Yig ¥ bsg = b382-
Now we obtain the all entries of the tables in Theorem 4.1.
Q.E.D.

Hiroaki HAMANAKA
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